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Abstract. In this paper we show that the T-duahty transform of Bouwknegt, 
Evshn and Mathai apphes to determine isomorphisms of certain current al- 
(^ , gebras and their associated vertex algebras on topologically distinct T-dual 

^2 • spacetimes compactified to circle bundles with H-Rux. 
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1. Introduction 



T-duality is a fundamental symmetry in string theory, which in particular gives 

an equivalence between type IIA and IIB string theories on spacetimes that are 

^>f-\ ' compactified in one spatial direction. The duality in this case is simply an inter- 

^ . change of the radius R O 1/i?, or more precisely the Fourier transform in the circle 

0^ ' direction. The relationship between T-dual manifolds in a topologically trivial H- 

^^ , flux was first worked out using non-linear sigma models by Buscher in [11| and was 

further elaborated upon by Rocek and Verlinde in [SHI . In the presence of a topolog- 
ically non-trivial integral 3-form fiux on spacetimes that are compactified as circle 
bundles, the topology and background fiux of the T-dual spaces were determined 
for the first time by Bouwknegt, Evslin and Mathai in [71 [8]. There the authors also 
established an isomorphism between the charges of the Ramond-Ramond fields on 
spacetime and its T-dual partner in twisted K-theory and twisted cohomology 

In |12| . Cavalcanti and Gualtieri showed that the T-duality transformations in 
[3 [5] can be understood in the framework of generalized geometry introduced by 
Hitchin [18] and developed by Gualtieri [17]. The title role in this geometry is 
played by the generalized tangent bundle. This is the direct sum of the tangent and 
cotangent bundles of a manifold and comes equipped with a canonical orthogonal 
structure and a Courant bracket. The latter depends, up to isomorphisms, on the 
choice of a real degree three cohomology class of the manifold. The analogy with 
the ordinary Lie bracket also holds up to skew-symmetry only, since the Courant 
bracket violates the Jacobi identity. Generalized geometry has the very nice feature 
that it subsumes complex and symplectic geometry as particular extremal limits. 
In |12| it was shown that T-duality can be viewed as an isomorphism between 
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2 P. HEKMATI AND V. MATHAI 

the underlying orthogonal and Courant algebroid structures of the T-dual circle 
bundles, where the iJ-flux now plays the role of twisting the Courant brackets. 

In the present paper wc use this perspective on T-duality, as well as the obser- 
vation of Aleksccv and Strobl [2] , which maps a particular current algebra to the 
Courant algebroid. These current algebras appear as Nocther symmetries of certain 
sigma models that are of fundamental importance in string theory. We show that 
T-duality gives an isomorphism of an invariant version of the Aleksecv-Strobl cur- 
rent algebras on T-dual spacetimes that are circle bundles with H-Hux. We enhance 
this further to an isomorphism of the associated universal vertex algebras |22] on 
the T-dual pair. A key observation here is the two ways in which the iJ-flux can 
be transported to the loop space. This is achieved either by transgression, which 
determines a twisted symplectic 2-form on the cotangent bundle of the loop space, 
or by looping the flux to an integral 3-form on the loop space. The relationship 
between the algebraic structures associated to these forms was discovered in [2] and 
is clearly stated and derived in Proposition 18.11 Similar kinds of T-duality isomor- 
phism of vertex algebras and generalizations thereof have recently been established 
in some special backgrounds, sec for instance [1] I21|. 

For higher rank torus bundles, an analogous T-duality procedure works provided 
that the integral 3-form satisfies iyiwH = 0, where V, W are vector fields tangent 
to the fibres, as was shown in [BJ [IHl US [H] . That is, one can consistently iterate 
the T-duality procedure in this case one circle at a time. The higher rank case 
was also carried out in the context of generalized geometry and (twisted) Courant 
algebroids in this context in [12]. Relaxing the restriction above on the iT-flux, 
it was shown by Mathai and Rosenberg [26l [25] that the T-dual manifold may 
be viewed as a noncommutative space, which is a C*-bundle with fibres that are 
(stabilized) noncommutative tori. It is an open problem to explore the analogue of 
this in terms of generalizations of current algebras and their quantizations. 

The first six sections of the paper reviews the literature in a form that is suit- 
able for our context. Our first main result is Proposition 17.11 which is the bottom 
horizontal arrow in the diagram below, 

Poisson Algebra ^ Lie Algebra of Local Distributions 

Inclusion 



Fourier Transform 



Taylor Expansion 



Poisson Vertex Algebra s^ Weak Courant Dorfman Algebra 

Proposition 7.1 

It says that any Poisson vertex algebra gives rise to a weak Courant Dorfman al- 
gebra. The latter was introduced by Ekstrand and Zabzine [TSl [TB] by relaxing 
certain axioms of a Courant-Dorfman algebra |30) . It was further shown in |16| 
that such a structure is naturally induced on the space of local functions by the Lie 
bracket on currents (or local distributions) . Proposition 17.21 asserts that the two 
different ways of constructing a weak Courant Dorfman algebra from a Poisson al- 
gebra are equivalent, or in other words, the diagram above commutes. The last two 
sections contain our other main results, which detail the T-duality isomorphisms of 
Alekseev-Strobl current algebras and of their associated universal vertex algebras. 
This paper is an initial step in our program towards establishing a T-duality 
isomorphism for more general current algebras and their quantizations on toroidally 
compactified spacetimes with iJ-flux. 
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2. Cotangent bundle of the loop space 

Let _E be a smooth manifold and denote by LE ~ C°° [S^ , E) the space of smooth 
parametrized loops endowed with the standard structure of a Frechet manifold. 
Recall that a tangent vector to a loop x £ LE is a vector field along the map a;(i), 
namely T^-LE = T{S^, x*TE) is the space of smooth sections of the pullback bundle 
x*TE. In fact, there is a natural diffeomorphism of the manifolds TLE and LTE 
which covers the identity on LE |31j . The following map 

(2.1) LE^TLE, x{t) ^ dx{t) ^ {x^) (^/\ {t) 

defines an inclusion of the loop space into its tangent bundle, where 1 1-> (t, ^) is the 
natural section of TS^ -^ S^. The group of orientation preserving diffeomorphisms 
of the circle DifF_|-(S'^) acts smoothly on the loop space by precomposition, 

mS+{S^) X LE ^ LE, {(t>,x)^ xo(j) 

and its fixed point set is the space E of constant loops. 

The cotangent bundle of the loop space T*LE is the phase space of non-linear 
sigma models on the cylinder T, = S^ xR with target space E. However unlike TLE, 
the definition of the cotangent bundle is more subtle. While LT*E is modelled on 
the vector space iR", the process of dualizing means that the model space for 
T*LE is the dual space (LR")* consisting of R"-valued distributions on the circle. 
However, the inclusion 

LT*E = HomLR(iT£;, LR) C HomR(Lr£:, LR) A HomR(LT£', M) = T*LE 

induced by the S'^-equivariant functional £: LE. — > R, / H> E{f) = Jqi fdt is 
injective. There is further a natural pairing 

T,LExL,T*E^C°^{E), (C,a)^ / {at),a{t))dt 

induced by the pairing (•, ■):TEx T*E -^ ^^{E). We shall therefore adopt LT*E 
as our definition of the cotangent bundle T*LE, rather than {TLE)*. 

Let q : T*LE -^ LE denote the projection map. The cotangent bundle carries a 
canonical 1-form 77 G Vi^{T*LE) defined by 

r]c.{x)^ [ {iq.)o.ixm,ait))dt , 

where a £ T*LE and x ^ Ta{T*LE). Its differential determines the canonical 
symplectic form cj = dr] £ il,'^{T*LE), which in local Darboux coordinates {x'^,Pi) 
on T*E takes the familiar form 



N 



N 

V / dpi{t) A dx\t)dt , 



where TV = dim E. Here d : n*{T*LE) -^ Vl*+'^{T*LE) denotes the usual de Rham 
differential. Since lo is exact, the associated line bundle C^, over T* LE is a trivial 
bundle with connection 

V = d + ri . 
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We conclude with some remarks on the topology of the loop space. Namely if E 
is an H-space, then LE ~ HE x E where HE denotes the space of loops based at 
the identity element in E, and it follows that 

TT^,{LE) = 7r,+i(£') X 7r,(£^) . 

More generally, when ii^ is a smooth connected manifold with base point xqi the 
fibration sequence 

HE ^ LE ^^ E 

is locally trivial and it splits by the embedding of E into LE as the subspace of 
constant loops. Here cvq denotes the evaluation of loops at i = 0. 

3. Transgression 
Transgression determines a homomorphism in integral cohomology 

t: H'\E,Z) -^ H''-\LE,Z) , 

which on the level of differential forms is given by pullback along the evaluation 
map, 

ev: S^ X LE -^ E, {t,x)^x{t), 

followed by fibre integration over the circle, 

T:n'{E)^n'-^{LE), a^T{a)= f ev*(a) . 

This map is invariant under the action of Diff+(S'^) x DiSa{E), where DiSa{E) 
denotes the a-preserving diffeomorphisms of E, and it commutes with exterior 
differentiation, 

dLE OT = T odE- 

Let H e ^I(-E) denote a closed differential 3-form on E with integral periods 
and let Gh be an associated bundle gerbe with H as its Dixmier-Douady invariant 
|28j . A geometric realisation of the cohomological transgression homomorphism 

r: H^{E,Z) -^ H^{LE,Z) 

has been described by Brylinski and McLaughlin in the language of sheaves of 
groupoids [9l I10| , and more recently by Waldorf in the framework of bundle gerbcs 
|32j . In fact, the transgression can be refined to a homomorphism in Delignc coho- 
mology, sending a bundle gerbc Gh with connective structure on .E to a principal 
C*-bundle Ch with connection on LE. 

Following the description in [32], the fibre of Ch over a loop x S LE consists 
of the set of isomorphism classes of flat trivialisations of the pullback bundle gerbe 
x*Gh on S^. Identifying the elements of C* with principal C*-bundles with fiat 
connection over S^, via z ^ P^ such that Holp, (5^) = z, the right C*-action on 
the fibres is given by 

The transgressed connection 9 on Ch can be characterised by its parallel transport. 
Namely, consider a path p : [0, 1] — > LE and denote by To £ Ch,xo and 7i G Ch,xi 
the trivialisations of G at the end-loops of the path. The parallel transport Pp_g : 
Ch,xo ~^ ^H,xi is determined by the bundle gerbe holonomy 

Holg^(p,7o,Ti) 
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over the associated cylinder p : S^ xM. ^ E, where the fibre elements 7o,7i at 
the endpoints determine the boundary conditions. Locally on a coordinate chart 
Ui C E, the puUback of the connection 1-form 9i to LUi is given by the transgressed 
curving B^ G fi'^{Ui) on Gh, 

e^^ I cv*B, , 

where dB^ = H\u.. The curvature of Ch on the other hand is described globally 
by the transgressed flux, 



where C, x € T^LE. Moreover, if C^^ denotes the line bundle associated to the 
canonical symplectic structure on T*LE, then the product bundle 

has as its curvature the twisted symplectic form u]h G Q.\{T* LE) given by 

(3.1) UH = uJ + q*T{H) , 

where as earlier q : T*LE — > LE denotes the projection map. The L^-sections of 
this pre-quantum line bundle correspond to the wave functions of the quantised 
sigma model. 

4. Space of local functionals 

Let us regard the cotangent bundle T*LE as sitting inside the space of smooth 
global sections of the trivial bundle X := T*E x S^ ^ S^ and denote by J°°{X) ^■ 
S^ the associated infinite jet bundle. Recall that points on J°°{X) are equivalence 
classes of smooth sections of X whose Taylor coefficients coincide to all orders. 
Since the fibered manifold X is a product, it follows that the infinite jet bundle is 
also trivializable, 

j°°(x)^5'i xn , 

where the fibre 7i is an infinite dimensional vector space. In local canonical coordi- 
nates (x^,pi) on T*E, the induced coordinates on the infinite jet bundle are given 
by {t,x\pi,dx\dp.i,...). 

Since J°°{X) is obtained as an inverse limit of topological spaces {J'^{X)}, where 
J'^(X) is the fibre bundle of fc-jets of smooth sections of X, there exist natural 
projections tt'^ : J°°(X) -^ J'^{X) for all k G Z+. 

Definition 4.1. A smooth function / G C°°{J°°{X)) is called local if it factorizes 
as / = / o TT*^ for some / G C°° {J^ {X)) and some non-negative integer k. Let Vioc 
denote the subspacc of local functions on the infinite jet bundle. 

In other words, local functions on J°°(X) are puUbacks of smooth functions on 
a finite jet bundle. On open charts, the local functions thus only depend on finitely 
many loop derivatives of the coordinate functions. We note that Vioc is a unital, 
commutative, associative algebra under pointwise multiplication. 

In order to define local functionals, let us introduce a differential on the space 
of local functions, 

dh : Vioc -^ Vioc ^\S^), f ^ dfdt , 
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where df is the total derivative in the loop direction. In any system of local 
coordinates {uijigi on T*E where I = {1, 2, ... , 2N}, it takes the familiar form 




with u\ = dl^Ui. The meaning of this differential will be discussed further in the 
next section. 

Definition 4.2. The space of local functionals is defined as the quotient 

J"" ■■= {Vloc®n\S^))/dhVloc ■ 

Elements [/] G J^'^ can be written unambiguously as an integral [/] = /„! fdt, 
since we are not dealing with boundary conditions. For later purposes, we also 
introduce a notion of distributions. 

Definition 4.3. The space of local distributions T) is defined as the space of bilinear 
maps, 

J: Vioc xLR^T°, (/, </>) ^ J4/) ^ [/0] 
where e LR = C°°(S'\M) denotes a test function. 

Notice that there is a natural inclusion J^ C 2? by restricting to the constant 
test function (j) = 1. We remark further that unlike the space of local functions, J-^ 
and V are not associative algebras. 

5. Variational bicomplex 

The differential dh introduced in the previous section occupies a natural place 
in the variational bicomplex which we now briefly review. The space of differential 
forms il'{j'''{X)) on the fc-jet bundle are defined as sections of the exterior algebra 
bundle A*{J'^{X)). These form a direct limit system whose direct limit defines the 
vector space il*{J°°{X)). Here and henceforth we shall implicitly restrict to smooth 
local functions, so that n"{J°°{X)) = Vioc- The de Rham complex {n'{J'=°{X)), d) 
on the infinite jet bundle contains a differential contact ideal C{J°°{X)) generated 
by 1-forms 9 which satisfy j°°{a)*0 = 0, where j°°{a') is the point on J°°(X) 
associated to the smooth section a G ^{X). Locally these contact 1-forms can be 
written 

C = rf"!"' - u^^dt 
and they give a meaning to vertical differential forms on J°°{X). Likewise there 
is a notion of horizontal differential forms with components only along the base 
manifold, consult |2 for a precise definition. Together they induce a splitting of 
the de Rham complex into a bicomplex 

np{j^{x))= n''-''-{j^{x)) 

q+r=p 

with the differential d = dh + dy. The differential in the previous section thus 
corresponds to 

dh-. n"^°{J°°{X)) -^ f)i'°(J°°(X)), / K^ dfdt . 

More generally, we have the augmented variational bicomplex 
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where the surjections / are the so called interior Euler operators [5] and J : Vioc ® 
i^^{S^) -^ J^ is the canonical projection map. In other words, the space of local 
functionals can be identified with the cohomology group 

In fact here all the rows are exact, so the space of local functional forms T'^ is given 

by 

for all s G Z+. The vertical edge complex 

is called the variational complex and it can be realised algebraically as the complex 
of an abelian Lie conformal algebra with coefficients in the non-trivial module Vioc, 
[T3] . Furthermore, the first differential 

S:T"^T\ [f]= J J{t,u.,u'^\...,u^^)dt ^ S[f] = ^f 

is given by the familiar Euler-Lagrange derivative in variational calculus. 






9, A dt . 



du] 



This expression is well-defined on local functionals due to ^ o 9 = 0. Also notice 
that it is somewhat misleading to call 4- a derivative as it violates the Leibniz rule. 
Applying the functor IIom(» x LK, J^°) to the bottom horizontal complex, one has 

Hom{F^ X LK, J'O) A Hom{n^^^ x LK, J"°) A P A Hom{M. x L«.,F°) 

where V = Hom{yf''^ x LM.^F'^). This is to be interpreted as a topological Hom- 
functor, but wc omit the details since it will not be used in the sequal. 
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6. POISSON ALGEBRA OF LOCAL FUNCTIONS 

In the remainder of the paper, we shall restrict our attention to local functions 
that do not explicitly depend on the loop coordinate. These correspond to local 
functions on the infinite jet space J°°{LT*E) C J°°(X), consisting of jets of smooth 
maps from the circle into T*E rather than sections of X . By abuse of notation, we 
shall still denote this subspace by Vioc and the associated spaces of local functionals 
and local distributions by J-^ and 2? respectively. 

The twisted symplectic structure on the phase space ujh S ^'^{T* LE) determines 
in the usual way a Poisson bracket on smooth functions f,g G C°°{T*LE) = 
C°°{J"{LT*E)) by 

where the Hamiltonian vector field Xj is defined by iXj^H = df. Next one would 
like to extend this bracket to the space of local functions inside C°° {J°° (LT* E)) 
and subsequently to all local functionals J^° and local distributions V. 

For an invariant description of the Poisson bracket on local functionals see for 
instance [S] . Here we simply note that any skew-symmetric bilinear map B : T^ x 
T^ — > 51^'" determines a bracket between local functionals [/], \g\ e J^ by 

{[/],[.9]} = [SW/],<5[.g])]. 
For a Lie bracket, the Jacobi identity imposes the additional condition 

{B{b{B{a, h)\ , c)] + {B{6{B{h, c)\ , a)\ + {B{8{B{c, a)\ , &)] = 

for all a,b,c € J-"^. Similarly, one obtains a Lie bracket on the space of local 
distributions T) by setting 

In a system of local coordinates {ui}j^x on T*E, the Poisson bracket on the 
coordinate functions can be extended to all real analytic local functions /, 5 6 Vioc 
by repeatedly applying the Leibniz rule and bilinearity, 

(6.1) {fit),9is)}= J2 J^L)fi) 9rdnu^(.t),u,is)}. 



m,n^A 



'+ 



In order to extend the bracket to the space of local functionals J^", we shall consider 
Poisson brackets that are 'local' in the loop direction, 

{ui{t),Uj{s)} = ujH{Xui,Xu^)6{t - s) , 

where the coordinate functions are naturally identified with distributions. This 
gives rise to the following Lie bracket on J^ ^ 



{[fUg]} 






after performing integration by parts and eliminating the (5-function. This means 
that locally the associated map B: T^ x T^ — > r2^'° is given by 

B= Y, iOH{Xu„Xu^)0' AdtA0' = Y. B,,¥ AdtA 0' 
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where 9^{dj) = ^]. Moreover, the Lie bracket on the space of local distributions V 
takes the form 



IMflMg)} 



^_ Suj '"' Sui 



_i.'jei 

In Darboux coordinates {x^ ,pi) on T*E, a straightforward calculation shows that 
the local Poisson bracket induced by the twisted symplcctic structure (|3.ip is given 

by 

(6.2) KW,ft(s)} = 6]6{t-s), 

N 

{p,{t),p,{s)} = -Y,H,,k{t)dx\t)5{t-s). 
fe=i 

7. Algebraic structures on the space of local functions 

In this section we explain how the Poisson bracket on Vioc determines the struc- 
ture of a Poisson vertex algebra and a weak Courant-Dorfman algebra on the space 
of local functions. 

7.1. Poisson vertex algebra. Following [3], we note that the Fourier transform 
of the Poisson bracket of local functions 

(7.1) {f{s)xg{s)}^ f e'^'~^^{f{t),g{s)}dt, 
can locally be written in the form 

(7.2) {fis)xg{s)}= J2 ^(9 + Xr{u,o+,u,}^{-d-\y-^, 

where {uiQ+\Uj}^ means that the powers of 9 + A are moved to the right when 
the bracket is expanded in the Fourier parameter. The bracket (|7.2p determines a 
Poisson vertex algebra structure on the space of local function^J. Namely, Vioc is an 
associative, commutative, unital algebra endowed with a derivation d : Vioc -^ Vioc 
and an M-linear A-bracket {-a-}- ^loc x Vioc -^ Vioc ® K[A] satisfying the following 
axioms: 

(Sesquilinearity) {dfxg} = -X{fxg}, {fxdg} = (d + X){fxg} 

(Skew-symmetry) {fxg} = -{g-d~xf} 

(Jacobi identity) {/a{5m^}} = {5A{/^/i} + {fxg}x+i,h} 

(Leibniz identity) {fxgh} = {fxg}h + g{fxh} 

By combining skew-symmetry and the Leibniz rule, one obtains the right Leibniz 
identity 

{fgxh} = {fa+xhj^g + {gd+xh}^f . 
Here we have identified il'^''^ ~ 51^'*^ under the natural map 

Vioc ^ Vioc ®n\s^), f^fdt. 



More precisely, it determines a sheaf of Poisson vertex algebras on T* E. 
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The differential dh corresponds to a derivation d on Vioc under this identification. 
In terms of the A-bracket, the Lie brackets on the space of local functionals and 
local distributions take a particularly nice form, 

{[f],[9]} = [{/a5}]|a=o , {J4>{f).M9)} - [{/0A5V'}]U=o ■ 
We also remark that any Poisson vertex algebra has an underlying Lie conformal 
algebra structure obtained by suppressing the multiplicative structure on Vioc and 
thus relaxing the Leibniz identity. 

7.2. Weak Courant-Dorfman algebra. Let us recall the axioms of a weak Courant- 
Dorfman algebra as introduced in the appendix of |16| . Namely it is defined by a 
quintuple {V, R, (•, •), [•, -J, 9), where V and R are vector spaces, (•, •) : V®V -^ Ris 
a symmetric bilinear form, |-, -I : F(X)F ^- F is the Dorfman bracket and d: R ^i' V 
is map, subject to relations 

(1) lf,l9,hM = llf,glhi + lg,lf,hM 

(2) I/,3l + I.9,/l = 9(/,g> 

(3) lda,fl=0 

for all f,g,h G V and a E R. By promoting i? to a commutative algebra, y to a 
left i?-module, 9 to a derivation and imposing the following additional axioms, 

(4) I/,affl=«[/,ff] + (/,9a).g 

(5) {f,d{g,h)) = {lf,glh) + {g,U,hl) 

(6) {da, db) = 

one recovers the original definition of a Courant-Dorfman algebra by Roytenberg 
[50] . Actually, a weaker version of the latter two axioms already follows from 
(1) - (3), 

(7) a((/, d{g, h)) - {If, glh)- {g, {f, h})) = 

(8) d{{da,db)) =0 

The Courant bracket is defined as the skew-symmetrized Dorfman bracket, 

I/,5lc = ^(I/,gl - 1.9, /I) = [/,.9l - ld{f,g) 
and satisfies 

lf,l9,hMc + 1.9, lh,fMc + Ih, lf,gMc = d Nij(/,g,/i) 
where the Nijenhuis operator on the right hand side is given by 

Nij(/,.9,/i) = l{{U,9h,h) + {y.JihJ) + (I^/lcff)) . 

The Courant-Dorfman algebra is called non-degenerate if the map 

V-^HomR{V,R), f^{f,-) 

is an isomorphism. For such non-degenerate pairings, one can show that axioms 
(3), (4) and (6) arc in fact redundant [30]. Our first result is to elucidate the 
relationship to Poisson vertex algebras. 

Proposition 7.1. A Poisson vertex algebra (V, {■>■}, d) determines a weak Courant- 
Dorfman algebra (V, (•, •), |-, ■], d) by the following assignment, 

I/, .91 = {/a5}|a=o 



a .9) = I:^P|j({A.9} + {.9a/}) 



.=1 ' 



A=0 
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Proof. We need to check that axioms (1), (2) and (3) are satisfied, where in this 
case the vector spaces V and R are both equal to V. First it is convenient to expand 
the A-bracket in so called j-th products [H] , 

{fx9} = E (fu)9)^ 

where /(j).9 := ^^{/Affjk r, for j & Z_|_. In other words the A-bracket is a generat- 
ing function for the non-negative j-th products. For negative values these products 
are extended by using the derivation d, 

so in particular /(-i)5 = fg is the associative commutative product on V. The 
properties of the A-bracket are then nicely encoded in the Borcherds identity 



C^-^) E (^1)^ ( ■ ) (/(™+"-j)C9(p+i)^) - (-l)"5(«+p-j)(/(m+i)^)) 

E ( ,■ ) \J(n+j)9){m+p^j)h) 



i6Z+ 



for all m,n,p £ Z. It should be emphasised that the locality condition on the 
functions ensures that all the sums arc finite. Furthermore, we note that 

if, a} = /(o).9 

while 

1.9, /I = -{/-A-a5}|A=o = - E ^(/b)5) • 



J! 



Together these imply axiom (2), 



I/, 9l + Iff, ./I = E ^-^^9^ifU)9) = d{f, g) . 
i=i ■'' 
The Jacobi identity (1) for the Dorfman bracket follows immediately from Borcherds 
identity for the values m = n = p = Q. In particular, the 0-th product is a derivation 
of all j-th products and hence of the bilinear form. Finally, the third axiom 

ia./,5l=0 

follows by the translation covariance of Poisson vertex algebras, 

{df)(j)9 = -:i.fu-i)g 

for j = 0, which in turn can be derived from the Borcherds identity, or cquivalcntly 
by the scsquilinearity of the A-bracket. D 

Remark 7.1. The Proposition actually holds for any Lie conformal algebra, since 
the multiplicative structure on V is not being used, and consequently for any vertex 
algebra. We shall return to the definition of vertex algebras in Section [HI 

It has been brought to our attention that a similar result has been obtained 
independently by J. Ekstrand in his PhD thesis [15], which includes a further re- 
finement. Namely, since V is a commutative differential algebra and carries a nat- 
ural left V-module structure, it would become a Courant-Dorfman algebra if the 
remaining axioms (4), (5) and (6) were satisfied. In [T3] Theorem 4.1, a one-to-one 
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correspondence is established between Courant-Dorfman algebras and Z2-graded 
Poisson vertex algebras, V = Vo ffi Vi, where the grading encodes the conformal 
weight of the elements. Under the identification Vq — R and Vi = V, axioms (4) 
and (5) follow from the Leibniz identity and the Jacobi identity respectively, and 
(6) always holds by the scsquilinearity of the A-bracket. 

We conclude that the A-brackct (|7.2p determines a weak Courant-Dorfman alge- 
bra structure on the space of local functions Vioc- On the other hand it was noted 
in |16j that by rewriting the Lie bracket between local distributions in the following 
form, 

(7.4) iMD^Ma)} = ^0v(I/-.9l) + c(/,5;0,V') , 

this also induces a weak Courant-Dorfman algebra structure on V/oc- The anoma- 
lous Schwinger term is given by 

(7.5) c(/,ff;0,V)=^ / i^isMcj>){s)C,if,g)ds 

for some functions Cj : Vioc x Vioc -^ ^loc and is subject to the normalization 
c{f,g; 1, ip) = 0. Below we show that these are in fact the same structures and we 
obtain thereby an explicit expression for the Dorfman bracket and the functions Cj 
in [16] in the language of Poisson vertex algebras. 



Proposition 7.2. The Dorfman bracket on Vioc defined by (|7.4[) coincides with the 
X-bracket (j7.2p evaluated at X = 0, 



and the functions Cj in (|7.5p correspond to the higher derivatives of the X-bracket, 






^^(^'■9)-7T;yx7i/^-9}L^o = ^' ^■>1 



Proof. The assertion follows by a simple Taylor expansion argument. First let us 
write out the left hand side of (|7.4p . 

{Mf)^M9)} = / Ht)i^{s){fit),gis)}dtds . 

Inserting into this the Taylor expansion of the test function, 

(t~sy 



0(t)= J2(9t4>Ks)- 






we read off the following expression for the Dorfman bracket 



I/,3l(s)= / {fit),g{s)}dt 



and for the functions 



Q(/,5)(^)- l^^^-^-r^{f{t),9{s)}dt. 
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On the other hand, by expanding the exponential in the Fourier transform ()7.ip . 
{f{s)^g{s)}= I e^(*-^){/(i),.9(s)}di= E ^T / {t-^y{f{t).9{s)]dt 

the result follows by a simple comparison. D 

Remark 7.2. Notice that since the anomaly terms Cj arc determined by the j-th 
products, they are all intertwined with each other and with the Dorfman bracket 
via relations dictated by the Borcherds identity (j7.3|) . 

8. T-DUALITY OF AlEKSEEV-StROBL CURRENT ALGEBRAS 

8.1. Alekseev-Strobl currents. In [2] the authors introduced a special class of 
local distributions which are parametrised by smooth sections of the generalised 
tangent bundle TE ®T*E. Recall that the generalised tangent bundle is equipped 
with a natural Courant-Dorfman algebra structure (V, i?, (•, •), |-, •]]//, 9), where V ~ 
T{TE®T*E), R = C°°{E), d ^ d is the usual de Rham differential, (•, •) is defined 
by the canonical non-degenerate pairing of TE and T*E, 

((C,«),(x,/3)) = ^(^x« + ^?/3) 
and the Dorfman bracket is given by 

I(C,«), (x,/3)k = ([e,x],^c/3 - ^xc^a + '■e^x^) 

where [•,•] is the Lie bracket on vector fields and H e 0|(i?). In other words 
this is an exact Courant algebroid with the anchor map TE O T*E ^ TE given 
by the natural projection |23j . More importantly, this Courant-Dorfman algebra 
structure carries over pointwise to sections of the looped generalized tangent bundle 
L{TE © T*E) -^ LE. Using the natural inclusion (|2.ip we have, for every p e 
T*LE = T{S'^,x*T*E) in the fibre over x G LE, a map 

LE -^ LTE © LT*E, x ^ {dx,p) . 

Definition 8.1. An Alekseev-Strobl function is a local function in C°° {J^ {LT* E)) 
of the form 

(8.1) /(5^„)(9x,p) = {{^,a),{dx,p)) = Loxa + i^p 

where (^, a) G T{TE © T*E) is extended pointwise to a section of LTE © LT*E. 
Let Vas C Vioc denote the Poisson subalgebra generated by the Alekseev-Strobl 
functions. 

The associated Lie subalgebra of local distributions will be denoted by Vas C "D 
and its elements referred to as Alekseev-Strobl currents, since special cases include 
the current algebras of the Wess-Zumino-Witten model and the Poisson cr-model. 
Similarly we write Tas C J^° for the Lie subalgebra of Alekseev-Strobl functionals. 

An interesting observation made in [5] is that there is a natural correspondence 
between the Courant-Dorfman algebra structure on Vas determined by the twisted 
symplectic form ujh G Vl\{T*LE) and the fl"-twisted Courant algebroid T{TE © 
T*E) described above. Below we rederive this result in the language of Poisson 
vertex algebras. 
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Proposition 8.1. (t^) The Courant- Dor Jinan algebra structure on Vas, induced 
by the Poisson bracket associated to the twisted symplectic form (|3.ip . satisfies 

I/(C,a),/(x,/3)l = -/[(?,«), (x,/3)1h 

(/(C,a),/(x,^)> = 2((C,a),(x,/3)) 

Proof. Choosing local Darboux coordinates Ui = {x^,pi) on T*E, we use formula 
()6.ip to compute the j-th products between the Alekseev-Strobl functions. First, 
we have 

/(5,a)(0)/(x,/3)(*) = / {.f{i,a)it),f{x,P)i^)}dt 






ijgi Js^ du\ du^ 



5/(C,a)(t)9/(x,^)(s) 

By (|8.ip it follows that the only non- vanishing derivatives are 

and similarly for f{x,P) ^ ^^S- Inserting these into the right hand side above and 
using the brackets ()6.2p . a tedious but straightforward calculation yields 

Pk 










Next we have 



Repeating the same procedure, this time only a few terms survive due to the pres- 
ence of (i — s)S{t — s) in the integrand and we are left with 

N 

/(«.a)(i)/(x,« - E "fc^" + ^fc^' = 2((e, a), (X, /3)) 

It follows that the 1-st product is actually symmetric in this case. Similarly it is 
not hard to see that the term (t — sy6{t — s) for j > 2 leads to the vanishing of all 
higher j'-th products. 

Now the knowledge of all non- negative j'-th products on Vas amounts to knowing 
the A-bracket and the result follows by applying Proposition 17. II D 



Remark 8.1. Notice that we have omitted the prefix 'weak'. This is because the 
axioms of the Courant algebroid T{LTE®LT*E) translate into those of a Courant- 
Dorfman algebra on Vas under the above correspondence. 
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8.2. T-duality transform. In this section we show that the T-duahty relations 
introdueed in [71 [8] and [12] establish an isomorphism of the Alekseev-Strobl alge- 
bras. 

T 

Let E ^>- AI he a. principal circle bundle equipped with a connection 1-form 
A G r2^(£',]R) and background flux H G il|(£'), which we can assume without loss 
of generality is T-invariant. The curvature F = dA provides a real representative of 

the first Chcrn class ci{E) in the de Rham cohomology of M. Define E ^ M to he 
the principal circle bundle with ci{E) represented by the 2-form L H and choose a 
connection A such that the curvature F = dA has the property that F ~ J^H. This 
is always possible by geometric pre-quantization |22| . Consider the correspondence 
space commutative diagram, 



{E,H 




{E,H) 



Then 

H = AAF-Tr*n, 

for some il G il^{M), while the T-dual H is the T-invariant integral 3-form given 

by 

H = F A A - 7r*n . 
Disregarding torsion, the T-dual fiux is uniquely determined by the relation 

(8.2) p*H^p*H^dF, 

where J^ = p*A Ap*A G il'^{E x^v/ E). The following transform establishes an 
isomorphism of twisted de Rham complexes 

a ^T{a) = / e^ Ap*a 



d — HA is the twisted differential, and in particular one has 
T odH 



-d^ o T . 



where dn 

(8.3) 

The map T is the smooth analogue of the Fourier-Mukai transform [2^ in the case 
when the flux H = 0. It was generalized by Hori [TO] to the case when the flux is 
exact H = dB and defined in general in [7] H] • 

The connection A on the circle bundle E determines a looped connection on LE 
which we shall also denote by A. This furnishes us with a splitting 

LTE © LT*E = LTM © Li © LT*M © Li* 

and similarly on the T-dual manifold. Any element of T{LTE © LT*E) is thus of 
the form (^, ^^, a, Op), where ^ is horizontal, a is basic and (^u,, Up) G Lt©Lt*. Here 
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we have identified LTT = Li and LT*T = Li* , corresponding to the 'winding' and 
'momentuni' components respectively. T-duahty is an exchange of these quantities, 
so wc define a map 

* : T{LTE ® LT*E) -^ T{LTE ® LT*E) 

to be the interchange of these entries, 

{^,£.w,a,ap) M- (^,ap,a,^„,) . 

The induced map on the space of Alekseev-Strobl functions ^ : Vas ^ Vas is thus 

Let V^g C Vas denote the subalgebra of Aleksecv-Strobl functions parametrized 
by the T-invariant sections oiTE(BT*E. We write J- as and V^g for the associated 
Lie subalgebras of invariant Alckscev-Strobl functionals and currents respectively. 

Theorem 8.1. The map '5 determines an isomorphism of the Courant-Dorfman 
bras of invariant Alekseev-Strobl functions, 



{VlsA-:-)A-rld) = {VlsA-r)d-ld) 

Proof. The idea is to adapt the isomorphism between Courant algcbroids [H] to 
the looped generalized tangent bundles. Firstly, there is a natural action 

r{LTE © LT*E) X n'{LE) ^ fl'{LE) 

given by the parity reversing map 

(^, a) ■ u! ^ i^uj + a Aoj . 

This further extends to an action by the Clifford bundle Cl{LTE ® LT*E) due to 

(8.4) (e,a)-((e,«)-c^)-((e,«),(e,a))w, 

so the space of differential forms on LE becomes an irreducible spin module. 

Secondly, any T-invariant form on LE obtained by looping an invariant form in 
Q.'{EY can be written as 

uj = T:*{a) + AhT:*{P) 

where tt: LE — > Li\/, a, /3 ^ il.'{LAI) and A is the looped connection on LE. We 
note that this is not true for any invariant form in i^*{LE)'^ . The map T: n'{Ey — s- 
ri*"'"^(i?)^ extends pointwise to the looped bundles and sends oj to 

T{oj) = TT*{l3)^AATT*{a) 

where n: LE -^ LM . If (^,a) and lo are invariant, a straightforward calculation 
shows that 

(8.5) T{{^,a)-uo) = ^{{ta))-T{u). 

Thirdly, the Dorfman bracket on T{TE* TE) is a derived bracket in the sense 
that 

[(?, a), (x, P)\h ■ OJ = [[dH, it a)], (X, P)] ■ ^ 
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and again this extends pointwise to T{LTE* © LTE), as does the intertwining 
relation (|8.3|) It is now an easy task to show that the Dorfman bracket on T{LTE* © 
LTE) is preserved by the T-duahty map ^. Namely, 

*([(e,«),(x,/3)k)-TH = T([(C,a),(x,/3)lH-^) 

= T([[d^,vl/((^,a))],vl/((x,/3))].c.) 

which implies 

*(I(e,«),(x,/3)k) = I*((e,a)),vl/((x,/?))l^ . 
Similarly, the exchange of the bilinear forms 

((^,a),(x,/3)) = (vl'((e,«)),*((x,/?))) 



is a simple consequence of the Clifford action (|8.4p and (|8.5p . The assertion finally 
follows by applying Proposition 18. II D 



We have immediately the following result. 

Theorem 8.2. The map '^ extends to an isomorphism of Poisson algebras of in- 
variant Alekseev-Strohl functions, 

(Vis, •,{-,-}) = (v!5, •,{•,•}) 

and consequently to an isomorphism of the associated Poisson vertex algebras and 
of the Lie algebras of invariant Alekseev-Strobl functionals and currents. 

Proof. Recall that the Poisson bracket between Alekseev-Strobl functions is given 

by 
{/(e,a) W, /(x,/3)(^)} = -fm.cUx.mHimi - ■^) + 2((e, «), (x, P)){s)dt5{t - s) , 

when viewed as distributions. Since the map ^ preserves the pointwise multipli- 
cation of functions, it clearly extends to an isomorphism of Poisson algebras. It is 
also clear that the A-brackct, which is the Fourier transform of the Poisson bracket, 
is preserved under the T-duality map. Finally, the isomorphism of the invariant 
Alekseev-Strobl current algebras follows by Proposition 17.21 and J-\g = J^^^ is a 
consequence of the inclusion T\g C T>\g. D 

Remark 8.2. An interesting consequence of T-duality is that it induces an iso- 
morphism of the Lie algebra cohomologies of the invariant Alekseev-Strobl current 
algebras, 
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Furthermore, we have the following correspondence diagram for the phase spaces 
of the T-dual manifolds, 

T*LExt*lmT*LE 



{T*LE,u;^) 



{T*LE,ojh) 




T*LM 
By (|8.2p it follows that the twisted symplectic structures are related by 



p UH -p to 



H 



dl cv*({qop)*AA{qop)*A 



where q and q are the projection maps of the cotangent bundles to the loop spaces. 
In fact, in [6] it was observed that ujh and lu^j are both obtained by symplectic 
reduction of a T x T— invariant symplectic form on the correspondence space. 

Lastly, recall that a Dirac structure is a subbundlc L C TE ® T*E that is 
Lagrangian and its space of sections r(L) is closed under the Courant bracket. As 
noted in [5], Dirac structures correspond to anomaly free current algebras {i.e. the 
vanishing of the Schwinger term in (|7.4p ). Since Dirac structures are interchanged 
by the map ^I^, we conclude that anomaly cancellation is preserved under T-duality. 

9. Quantization of Alekseev-Strobl current algebras 

In this section we make some remarks on the quantization of Alekseev-Strobl 
current algebras and its behaviour under T-duality. To set the stage let us recall 
the definition of vertex algebras [T3] . 

Definition 9.1. A vertex algebra is a quintuple (V, |0),(9, [-a-], : :) such that 

(i) (V,9, [-A-]) is a Lie conformal algebra, 

[ii) (y,|0),9, : :) is a unital differential algebra satisfying the strong quasi- 
commutativity relation 



(9.1) 



:6c 



[axb]dX 



(in) The A-brackct [-y] and the 'normally ordered product' 
the non- commutative Wick formula 



: are related by 



[ax : be :] =: [axb]c : + : b[axc] : + / [[axb]f^c\d^ . 



(9.2) 



Next let us consider a family of vertex algebras {Vn, \0)h, dm [•x-]h^ ■ '-h) depending 
on a formal parameter h. In other words, Vh is a free module over M[[fi.]] such that 
[^/lA^ri] ^ fiVh. The quasiclassical limit of this family is defined by 



V = hm Vn := Vn/hVn 
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where we denote by 1,9, and • the nuages of \0)h,dh, and : :ri respectively m this 

quotient. Similarly we write {axb} for the image of \ , where a,b S Vn are 
pre-imagcs of a, 6 £ V . These arc defined up to a multiple of h which disappears 
when we pass to the quotient, so {a\b} is independent of the choice of pre-images. 
It is not hard to check that since the integral terms (or 'quantum corrections') 
in ()9.ip and ()9.2[) arc of non-zero order in the parameter h, 

/O /-A 

[axb]dX e ftVa, / [[axb]^c]dti G fi^Vn , 
-d Jo 

they vanish as 'h tends to zero' and the quasiclassical limit (V, 1, ■, d, {-a-}) becomes 
a Poisson vertex algebra. Indeed, the commutativity of the product • follows from 
(|9.ip by setting c— |0). Similarly by rewriting (|9.ip as 

:: ab : c : ~ : a : be ::—: I a[b\c\d\ '■ + '■ b[axc\dX : 
Jo Jo 

we conclude that the product becomes associative in the limit ft — > 0. In other 
words, a Poisson vertex algebra is a vertex algebra without 'quantum corrections'. 
Quantization is the inverse operation to the quasiclassical limit. Below we ex- 
plain a general procedure for quantizing a Lie conformal algebra |22j . There is a 
Lie algebra RLie associated to any Lie conformal algebra R defined by the same 
underlying vector space and with the Lie bracket 

(9.3) [a,b]= [ [axb]dX 

J-d 

for all a,b £ R. We construct a family of Lie conformal algebras by setting 

(9.4) Rn = R, [axb]n := h[axb] . 
Now the associated universal enveloping algebra 



(9.5) U{Rnue)^T{R)/ (a(E,b~bi 





[axb]ridX 



-a 

determines a family of vertex algebras Vn = U^RnLie)- This follows by the fact that 
RhLie is canonically isomorphic to the creation Lie algebra (Lie Rh)+ associated 
to Rh^ so the vector space (|9.5p inherits the natural universal enveloping vertex 
algebra structure on 

W(Lic Rn)/U{Uc i?rO(Lic Rn)- = U{{Uc Rn)+) . 

Here Lie Rri = (Lie Rn)- © (Lie Rh)+ is the unique 9-invariant splitting of the Lie 
algebra Lie Rn = Rh[t, <~^]/(9 + dt)Rh[t, t^^] with the bracket 

^^ > ' ■ ^ m+n—j 



K",M"]^^ , (%)fe)^ 



.=0 -^ 

The vacuum vector |0) G Vn corresponds to the image of 1 G U(Lie Rri) and 

d extends to Vn, by derivations. The quasiclassical limit of Vn, is the symmetric 

algebra 

V ^ lim Vn ^ T{R)l{a ®b-b®a)^ S{R) 
h^o 

with its associative commutative product and with the A-brackct {axb} = [axb] for 

a,b G R, extended to S{R) by left and right Leibniz rule. 
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Returning to the invariant Alekseev-Strobl Poisson vertex algebra {V\g, {-A'}, 9), 
we can apply the above described quantization to the underlying Lie conformal 
algebra. Let V^^5 denote the associated family of vertex algebras. By combining 
(|9.3p . (|9.4|) and Theorem [821 it is clear that the map ^ constructed in the previous 
section induces an isomorphism of these families of vertex algebras. 

Theorem 9.2. T-duality determines an isomorphism of the families of invariant 
Alekseev-Strobl vertex algebras, 

(y^,AsAO),d,h-]n,: :rO = (^^Ls, |0), 9, [-a-];., : :n) ■ 

Remark 9.1. Since the Alekseev-Strobl current algebra D^g is fully determined by 
the Lie conformal algebra structure on V^^, the Theorem implies that the quantized 
current algebras arc isomorphic under T-duality. Notice that by the argument above 
we have the following commutative diagram, 

(^,-,{-A-}) ^^(^,-,{-A-}) 



Quantization 



Incli 



The horizontal maps can be viewed as an analogue of the symbol maps (of differ- 
ential operators) and the Poincare-Birkhoff-Witt Theorem in this context. 
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